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Abstract
We apply the method of simplest equation for obtaining exact solitary traveling-
wave solutions of nonlinear partial differential equations that contain mono-
mials of odd and even grade with respect to participating derivatives. We
consider first the general case of presence of monomials of the both (odd and
even) grades and then turn to the two particular cases of nonlinear equations
that contain only monomials of odd grade or only monomials of even grade.
The methodology is illustrated by numerous examples.
Keywords: Nonlinear partial differential equations, Method of simplest
equation, Solitary wave solutions.
1. Introduction
Traveling waves exist in many natural systems. Because of this traveling
wave solutions of the nonlinear partial differential equations are studied much
in the last decades [1]-[11] and effective methods for obtaining such solutions
for integrable systems are developed [12], [13]. Our discussion below will be
based on a specific approach for obtaining exact special solutions of nonlin-
ear PDEs: the method of simplest equation and its version called modified
method of simplest equation [14] - [17]. The method of simplest equation is
based on a procedure analogous to the first step of the test for the Painleve
property [18]-[20]. In the version of the method called modified method of the
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simplest equation [16, 17] this procedure is substituted by the concept for the
balance equation. This version of the method of simplest equation has been
successfully applied for obtaining exact traveling wave solutions of numer-
ous nonlinear PDEs such as versions of generalized Kuramoto - Sivashinsky
equation, reaction - diffusion equation, reaction - telegraph equation[16], [21]
generalized Swift - Hohenberg equation and generalized Rayleigh equation
[17], extended Korteweg-de Vries equation [22], etc. [23] - [28].
The method of simplest equation works as follows. By means of an ap-
propriate ansatz the solved nonlinear PDE is reduced to a nonlinear ODE
P (u, uξ, uξξ, . . . ) = 0. (1)
Then the finite-series solution u(ξ) =
∑ν1
µ=−ν pµ[f(ξ)]
µ is substituted in (1).
pµ are coefficients and f(ξ) is solution of simpler ordinary differential equation
called simplest equation. Let the result of this substitution be a polynomial of
f(ξ). u(ξ) is a solution of Eq.(1) if all coefficients of the obtained polynomial
of f(ξ) are equal to 0. This condition leads to a system of nonlinear algebraic
equations. Each non-trivial solution of this system corresponds to a solution
of the studied nonlinear PDE.
Below we shall consider traveling-wave solutions u(x, t) = u(ξ) = u(αx+
βt) constructed on the basis of the simplest equation
f 2ξ = 4(f
2 − f 3), (2)
which solution is f(ξ) = 1
cosh2(ξ)
. α and β are parameters. In addition we
shall use the following concept of grade of monomial with respect to partici-
pating derivatives. Let us consider polynomials that are linear combination
of monomials where each monomial contains product of terms consisting of
powers of derivatives of different orders. This product of terms can be mul-
tiplied by a polynomial of u. Let a term from a monomial contain k-th
power of a derivative of l-th order. We shall call the product kl grade of the
term with respect to participating derivatives. The sum of these grades of
all terms of a monomial will be called grade of the monomial with respect to
participating derivatives. The general case is (1): The polynomial contains
monomials that contain derivatives have odd or even grades with respect to
participating derivatives. There are two particular cases: (1A): All mono-
mials that contain derivatives have odd grades with respect to participating
derivatives; (1B):All monomials that contain derivatives have even grades
with respect to participating derivatives. We shall formulate our main result
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for the general case (1) and then we shall demonstrate several applications
for the cases (1), (1A), (1B).
2. Main result
Below we search for solitary wave solutions for the class of nonlinear
PDEs that contain monomials of derivatives which order with respect to
participating derivatives is even and monomials of derivatives which order
with respect to participating derivatives is odd.
Theorem: Let P be a polynomial of the function u(x, t) and its deriva-
tives. u(x, t) belongs to the differentiability class Ck, where k is the highest
order of derivative participating in P. P can contain some or all of the fol-
lowing parts: (A) polynomial of u; (B) monomials that contain derivatives
of u with respect to x and/or products of such derivatives. Each such mono-
mial can be multiplied by a polynomial of u; (C) monomials that contain
derivatives of u with respect to t and/or products of such derivatives. Each
such monomial can be multiplied by a polynomial of u; (D) monomials that
contain mixed derivatives of u with respect to x and t and/or products of
such derivatives. Each such monomial can be multiplied by a polynomial of
u; (E) monomials that contain products of derivatives of u with respect to x
and derivatives of u with respect to t. Each such monomial can be multiplied
by a polynomial of u; (F) monomials that contain products of derivatives of
u with respect to x and mixed derivatives of u with respect to x and t. Each
such monomial can be multiplied by a polynomial of u; (G) monomials that
contain products of derivatives of u with respect to t and mixed derivatives of
u with respect to x and t. Each such monomial can be multiplied by a poly-
nomial of u; (H) monomials that contain products of derivatives of u with
respect to x, derivatives of u with respect to t and mixed derivatives of u with
respect to x and t. Each such monomial can be multiplied by a polynomial of
u.
Let us consider the nonlinear partial differential equation
P = 0. (3)
We search for solutions of this equation of the kind u(ξ) = u(αx + βt) =
u(ξ) = γf(ξ), where γ is a parameter and f(ξ) is solution of the simplest
equation f 2ξ = 4(f
2− f 3). The substitution of this solution in Eq.(3) leads to
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a relationship R of the kind
R =
N∑
i=0
Cif(ξ)
i + fξ
(
M∑
j=0
Djf(ξ)
j
)
(4)
where N and M are natural numbers depending on the form of the polynomial
P . The coefficients Ci and Dj depend on the parameters of Eq.(3) and on
α, β and γ. Then each nontrivial solution of the nonlinear algebraic system
Ci = 0, i = 1, . . . , N ; Dj = 0, j = 1, . . . ,M (5)
leads to solitary wave solution of the nonlinear partial differential equation
(3).
Proof. First we shall prove the following:
Let f(ξ) be a solution of the nonlinear ordinary differential equation f 2ξ =
4(f 2 − f 3). Then the even derivatives of f(ξ) contain only a polynomial of
f(ξ). The odd derivatives of f(ξ) contain a polynomial of f(ξ) multiplied by
fξ.
We shall use the method of induction. The above statement is true for
the second, third, and the fourth derivative of f(ξ). Let the 2n-th deriva-
tive of f be a polynomial of f : d
2nf
dξ2n
= F (f).. Then d
2n+1f
dξ2n+1
= dF
df
df
dξ
, and
d2n+2f
dξ2n+2
= d
2F
df2
(
df
dξ
)2
+ dF
dξ
d2f
dξ2
= F ∗(f), because of the fact that
(
df
dξ
)2
and
d2f
dξ2
are polynomials of f (this follows from the definition of f). Thus each
even derivative of f is a polynomial of f and each odd derivative of f is a
polynomial of f multiplied by fξ.
Let the nonlinear PDE P = 0 be reduced by the traveling-wave ansatz to
the nonlinear ODE Q = 0 where each monomial has odd or even grades with
respect to the participating derivatives. For the monomials with odd grades
the chosen kind of solution reduces further the corresponding part of Q to
relationship of the kind
∑N
i=0Cif(ξ)
i. For the monomials with even grades
the chosen kind of solution reduces further the corresponding part of Q to
relationship of the kind fξ
(∑M
j=0Djf(ξ)
j
)
. In such a way Q is reduced to a
relationship of the kind R =
∑N
i=0Cif(ξ)
i + fξ
(∑M
j=0Djf(ξ)
j
)
. Then each
nontrivial solution of the nonlinear algebraic system Ci = 0; Dj = 0 (if such
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solution exists) leads to a solitary traveling wave solution of the nonlinear
PDE P = 0.
What follows are several examples. Let us consider the equation
νuttt + πuuxx + σu
2
t + (δ + µu)ux + ωu
3 = 0. (6)
The substitution of the studied kind of solution in Eq.(6) leads to an equation
that contains monomials of odd and even grade with respect to derivatives
of u(ξ). The application of the above theorem leads to the following system
of nonlinear algebraic equations:
− 12β3ν + αγµ = 0; 4β3ν + αδ = 0;
−6πα2 − 4β2σ + γω = 0; πα2 + β2σ = 0. (7)
One solution of the system (7) is
α = −
1
2
(−σδ2ν2)3/4
δν2π3/4
; β =
1
2
(−σδ2ν2)1/4
νπ1/4
;
γ = −
3δ
µ
; ω =
1
6
σµ(−σδ2ν2)1/2
δν2π1/2
, (8)
and the corresponding solitary wave is
u(x, t) = −
3δ
µ cosh2
[
−
1
2
(−σδ2ν2)3/4
δν2π3/4
x+
1
2
(−σδ2ν2)1/4
νπ1/4
t
] . (9)
As second example we consider the equation
πu2uxxxx+µuuxtt+νuxxu
2
t++σu
2uxt+δuxutt+(ǫu+κu
2)ut+θu
3 = 0. (10)
The application of the theorem (here and in the examples below we let the
calculations to the interested reader) leads to the solitary wave:
u(x, t) = −
3ǫ(δ + 2µ)
[2κ(δ + µ)] cosh2
[
−
53/4
10
ǫ1/2(−ν)1/4
π1/4(δ + µ)1/2
x+
51/4
2
π1/4ǫ1/2
(δ + µ)1/2(−ν)1/4
t
] .
(11)
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3. The two particular classes (1A) and (1B)
For the class of nonlinear PDEs that contain monomials of derivatives
which order with respect to participating derivatives is odd only (particular
class (1A)) the above theorem is valid when there are no terms of kind
(A) and Di = 0. Famous example of nonlinear PDE of this class is the
Korteweg-de Vries equation
ut +Kuux + uxxx = 0, (12)
where K is a constant (in the original equation K = 6). Eq.(12) contains
three monomials and all of them have odd grade with respect to the partici-
pating derivatives. The application of above theorem to Eq.(12) leads to the
famous solitary-wave solution of the Korteweg-deVries equation.
Another nonlinear PDE that belongs to this class of equations is the
generalized Degasperis-Procesi equation
ut + c0ux + duxxx − h
2uxxt =
∂
∂x
[c1u
2 + c2u
2
x + c3uuxx]. (13)
When c0 = c2 = c3 = h = 0, d = 1 and c1 = −K/2 Eq.(13) is reduced to the
Korteweg-de Vries equation. When c1 = −(3c3)/(2h
2) and c2 = c3/2 Eq.(13)
is reduced to the Camassa-Holm equation. Finally when c1 = −2c3/h
2 and
c2 = c3 Eq.(13) is reduced to the Degasperis-Procesi equation which is used
as model equation for propagation of shallow water waves over a flat bed
[29]. The application of the theorem to Eq.(13) leads to the solitary-wave
solution
u(x, t) =
6α2(c0h
2 + d)
(4α2h2 − 1)(c1 − 2α2c3) cosh
2
[
αx+
(
α(4α2d+ c0)
4α2h2 − 1
t
)] . (14)
As a last example we consider the nonlinear PDE
σ1uxxxxx + σ2uuxxx + σ3uxxx + σ4uxuxx + σ5u
2ux + σ6uux + ut = 0. (15)
The application of the theorem leads to the solitary wave solution
u(x, t) =
12α2(20α2σ1 + σ3)
(4α2σ2 + 4α2σ4 + σ6) cosh
2 [αx+ (−16α5σ1 − 4α3σ3)t]
, (16)
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where
α =
101/2
20σ1(10σ1σ5 − σ22 − σ2σ4)
[
σ1(10σ1σ5 − σ
2
2 − σ2σ4)
(
− 20σ1σ3σ5
−5σ1σ4σ6 + 2σ
2
2σ3 + 3σ2σ3σ4 + σ3σ
2
4 + 5σ1σ6 − σ2σ3 −
σ3σ4
(
− 40σ1σ5 + 4σ
2
2 + 4σ2σ4 + σ
2
4
)1/2)]1/2
,
(17)
We would like to note the following. Let us consider the nonlinear equa-
tions of the Korteweg-de Vries hierarchy of PDEs [30]
K(n)x + ut = 0 (18)
where K(−1) = −1 and K
(n)
x = −
1
4
[K
(n−1)
xxx ) + 8uK
(n−1)
x +4uxK
(n−1)]. All the
equations from the KdV hierarchy contain only monomials of odd grade with
respect to the derivatives, i.e., are within the scope of the above theorem.
For the second particular class (1B) of nonlinear PDEs the above theorem
is valid with Ci = 0. Famous representative of this class of equations is the
Boussinesq equation
utt − uxx − uxxxx −K(u
2)xx = 0 (19)
that is nonlinear model equation for shallow water waves valid for weakly
nonlinear long water waves. The application of the above theorem to Eq.(19)
leads to the well known solitary wave solution of the Boussinesq equation.
As another example we consider the nonlinear PDE
µuxt + ρutt + δuuxx + ǫuxxtt + πu
2
x + σu
2
t = 0. (20)
The application of the theorem leads to the following solitary wave solution
u(x, t) = −
3ρ
2σ
(
5[3δρ(4πσ + 3δρ)]1/2 + 15δρ+ 4πσ
[3δρ(4πσ + 3δρ)]1/2 + 12δρ
)
×
1
cosh2
{
1
2
(
−
ρ
ǫ
)1/2
x+
1
2σ(6ǫ)1/2
{
−σ
[
[3δρ(4πσ + 3δρ)]1/2 + 3δρ
]}1/2
t
} .
(21)
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4. Concluding remarks
In this article we formulate an approach for obtaining solitary wave solu-
tions of a large class of nonlinear PDEs. The discussed solitary wave solutions
have 3 parameters: α, β, and γ. If the system of nonlinear algebraic equa-
tions contains 3 equations then these 3 parameters can be expressed by the
parameters of the nonlinear PDE and there will be no need of relationships
between the parameters of the nonlinear PDE. If the system of nonlinear
algebraic equations contain more than 3 equations then there are also rela-
tionships among the parameters of the solved nonlinear PDE.
Finally we note that the discussed methodology is a simple and effec-
tive tool for obtaining exact solitary traveling wave solutions of numerous
nonlinear partial differential equations.
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